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ABSTRACT 

Since the LOCO Turtle took hi* first step he hat been rrUtherratJcaTly c&nFined to running 
around on flat surfaces. Fortunately the physically intuitive, procedura]ly oriented nature 
oF the Turtle which matei him a powerful explorer in the plane u equally, if not more 
apparent when he .5 liberated to tread curved surfaces This paper Is aimed roughly at the 
High School 3eveI. Yet because it is built on intuition and physical action rather than 
formalism* it can reach such "graduate school' mathematical ideas as geodesics. Gaussian 
Curvature, and topological invariants as expressed in the Gauss-Bonnet Theorem. 




I, TRIANGLES 


This piper i* au exploration into the dark and dangerous continent of 
rwth«MUa wherein we shall trek from the almost Civilised land of geometry. through the 
forbidden grounds of differential geometry and thence to topology where many a wu| has 
perished on rhe great, barren and infinitely cxtenilble rubber shrttt I think, however, I 
hive thnsefi for you a path which will show you some of Ihe great Sights without Undue 
physical danger In fact S would bs greatly disappointed if you do not return saFely and 
with a great store of souvenirs to entice you to return on your own and explore for yourself. 

Let me begin with a humble triangle; any one will do, Everyone knows a 
triangle has LBC n worth of angles in lu three vertices. What a wonderful thing that any 
triangle, no matter how big or small or how it is shaped, has exactly iSC^t How do you 
know that II true? I don't thiflk ifl obvious. After all, the angles ire in different places. 
Lflt ™ show you my favorite way to sum she angles in a triangle. 

1 have a turtle who can be an excellent guide to many places in mathematics. Yet 
he can only do two things, walk in a straight line or turn through any angle. Luck ily he is 
smart enough to tell the measure of any angle when he turns through it- So I can send him 
aui to measure the angles in lou of triangles, one at a time and find out what the sum of 
them it. 

After watching Turtle measuring triangles for a white- I noticed he always does 
the same thing. He starts at vertex 1 of a triangle and alms toward vertex 3. Then he toms 
toward vertex 2 and therefore measurer the angle m vertex L 



He marches to vertex 2 md routes again. In the same direction as before, to measure angle 

2 . 
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(To do [hit list hi must Ion* ba:It aver hit :a lI while renting.) Then he moves to vertex 3 
and does the same thing he did at vertex t. Finally he just returns to where he started, as 
turtles usually do. 


~X 




Fij. 2. Meami , ,it£ anfk 3 and cqihf horns. 


But now look, Che turtle has turned, through each vertex in the same direction, so bis full 
rotation u just the sum of the vertex angles. And he's now pointing in the direction from 3 
to L whereas he started out poJmLng from I to 5. In all he has turned exactly ifiO c r We don't 
even hive to ask Turtle to remember the separate angles that he measured. Notice that the 








final heading of [hr turtle {ISO 5 from initial) don not depend it alt on the details of (hr 
triangle. Stretch side 1-3, pull vertex 2 off into the distance, the turtle &tt!l must end op ISO 0 
from his beginning, because having Jtarted at S pointing at 3„ he ends at the sara point, 
pointing a tang the same line, hot in the direction exactly opposite his Initial direction. 

That id Linds pretty solid- After ill it proves something we all know (don't weft) 
li Em* But let me confuse the issue by ailing a very hard question. What happens If my 
turtl* is drawing big triangles cm the earth nther than little ones on a table top ti the ISO* 
theorem still true J 

Weil, you might say, that's jusC a huge case of a little triangle; the same thing 
only a million tlmei bigger sides. And since Turtle's triangle measuring process doesn't 
depend at ail on sire, he should still find ISO 0 . Bui careful, watch thuf 

Suppose Turtle starts On the equator and goes straight north until he get* to 
(where else?) the North Pole Wow he turns 9d p and goes straight south until he gets to the 
equator. Now he turns 90° and runs along the equator to get back where he started. He 1 ! 
made a triangle But took carefully, the triangle has 5 90“ angles In id Thar’i W . Try 
that ou t on a globe. 



Fij. +. Trundle with 3 9DP ifitKU. 


So what, you say. That's no triangle- Everyone knows a triangle is made up of straight 
lines, and anybody can see those lines in Che "triangle" on the earth are curved- WeJk 1 .say, 
ftknoil anyone can see that, but turtle can’t. He’s very nea rsigh red and can't see the curved 
horizon; he only sees which direction he’s going. As far as he’s concerned all those "lines’ 
ire straight. He’s just walking along (like a car wfth wheels welded straight} not doing any 
turning at all between equator and pole 

So what, you say again. (You are obstinate.) Turtle, then, just doesn't know 
enough to know he's not drawing a "real" triangle. But hold on, Let's get som* things 
Straight before deciding exactly what's whit. 


II. turtle lines 


Fii-m at all we have a new kind of Straight line" la look it, a "turtle tine." Turtle 
cin walk an lors op things: the earth, 4 table top... and whenever he walls without tutmln-g 1 , 
he wilts Along a "turtle line," (That's 1 definition, don't argue.) 

How shout a ping pang hall Obviously an average size turtle can't walk on it. 
hut [ think there are clearly some turtle lines on It. Imagine that the ping pong hall ii a 
little globe, i.e. a map of the earth. Vou can draw on the equator, and I certainly would 
want so call that a turtle line. Vv’hy? Because a line has the property that if you make a 
digger ar smaller model of it, it's still a line So if you shrink the earth with its equator 
turtle line down to the size of a ping pong ball. I’d still want to tall the equator a turtle line. 
If you want a different reason. Imagine a miniature turtle un the ping pong hall; his non- 
turning paths I'll still call "turtle lines." And I'm sure youl agree that the *equa Cor" of a 
ping pong half must be a tiny turtle line. To find a turtle line,then, all 3 need is to make 
sure my turtle is appropriately sued for what he's walking on. In any case he must new be 
so big that he can't walk around comfortably. 

I have a good ques-Uon. If the equator is a turtle line, is any line of latitude also 
one? Well, you might initially be inclined to say yes. After all It looks pretty much like the 
equator. But is it really? 

To decide that you have to decide iF Turtle can walk along it without turn mg 
Imagine Turtle’s little legs churning away. How does Turtle know he's walking in a 
straight line without looking (he's nearsighted, remember)? To answer that, if art out 
thinking of a simple situation-* table cop. I'd also suggest you think how Turtle turns. 

Here's my answer IF his left legs '.ake the same number of steps and the same 
length steps as hii right legs he'll go in a "straight line", if he starts taking Fewer steps 
With his right legs (or even takes negative steps) he’ll Turn, Do you agree? I hope so. 

So now, ii any latitude a turtle line? Well, Turtle straddles a {Northern- 
Hermsphere) latitude and starts walking His "south" legs travel on a latitude a bn below 
and "north" legs a hit above. Marching all the way around the earth has he taken the same 
number of step! with north as with south legs? Of course not ! 1 The mare north The 
latitude the smaller the round trip oath- Take a took an a globe again, The equator is the 
longest latitude, and as you get closer and closer to the North Pole the latitudes get smaller 
and smaller and eventually reach .zero length at the North Pole! 

So the turtle must take a different number of steps with his left and right legs, 
and therefore a latitude tl not a turtle line. Do think about that if you're not convinced. 

Here's a more clever Way to pTcve a Latitude es nor a turtle line It’s a. symmetry 
argument, and it works like this. There’s one Thing We know for sure about turtle line*. 
There is nothing in the line that distinguishes right from left as she turtle walks along. If 
he turned, of course he would be turning either tight or left; but if he doesn't th^n there 
Should be no difference In what is right and what is left Add thac 10 the fact that a 
sphere does not distinguish one place from another, and you must conclude that on a 
sphere the left part of the workl looking from a turtle llhe must look exactly like the right 
part of the world, That Is true for the equator or any longitude, but not For any old line of 


latitude. Those diJvLde [he world tntci a polar cap and a bigger part, so distinguish right 
Trom left and therefore can't be turtle lines. <Jf youre rot convinced by this argument, 
don't worry. Although, I think it's irue, I’m not sure it's convincing) 

Turtle line* exisc on any surface, it doesn't have to be a flat one w a sphere. Any 
old bent up surface will do* just sec a turtle on it with legs a-chuinlng and watch a turtle 
tine! 

But now back to a sphere* the earth. We have a nice triangle made up of turtle 
tines and 3 9C* angles. What happened to the turtle proof that triangles have only ISO" ? 
Something obviously went wrong. As far as Turtle is concerned there are only three places 
he has to turn (i.e. three places that his right legs don't match the speed of hts kft legs). 
And each of Those Is a 9C c angle. But he still winds up pointing 130® f rom hit start. The 
problem is, if you wind up pointing in the opposite dIrectkffl on a Sphere. IE isn’t necessarily 
so rhat you made ISO* worth of turns. Try this! (Get your globe out again.) Start Tunic at 
the North Pole; notice which way he's pointing. Now walk him straight ahead until he 
gets to the South Pole. Mow don't let him turn at all but walk him sideways (a good 
straight turtle walk but sideways) clear back up to the North Pole. Presto* he's facing 
exactly the other way. Turned ISO* without Turning* at all That’s the problem with 
spheres; you can get turned even if you’re not turning If you look from the side you can 
easily see (he sphere turning the turtle without his knowing it 



Fif, A. 'GtUing lurncJ" widnjiH "tUhll* luming.' 


Meanwhile hack at the 90 fl earth triangle, it's easy to understand whalT 

wrong with. Turtles Original triangle proof of [80*. For sore, from beginning to end of the 
trip around ™luring angles, the turtle has changed hi* heading by ISO 5 '. Evidently the 
turtle himself turned 27G" (3 vertices of 9C P each). But now that we realize spheres can turn 
Turtle without him knowing li, wt can hypothesize about that estra 90^. While he was 
turning 270®, Turtle must have been turned back 90® by the sphere. Turtle turns XNf but 






the trip around the ip here turns him back at that. 

So you lie, there ate two kLncU of turning: actual 'turtle turning' and "trip 
turning..' Turtle only thinks ht's fuming when he's “turtle turning," but he can be turned 
by going on a trip even without "nmle turning.' 

Let’s try that idea OUC Cl hope you Jtlll have your globe around) We can take 
Turtle around the triangle without him turning at all by having him walk sideways 
sometimes, If his trip around the sphere really accounts for that missing 90“ (mming 
between the triangle theorem and The real 27D 4 ), Turtle should came hack to where he was 
cutned 90“ and turned in the direction opposite to the turning he would ordinarily do at the 
irlanfte vertices. So start him out on the equator fating East. Walk him sideways up to 
the North Foie, now walk him straight down {following his nose) back iq the equator. 
When he gets back to the equator he's pointing South and continues pointing South while 
walking sideways back to his starting point. There he is. Without turning, but merely 
going on a trip, he's been “turned" 90“ And 90* oppositely from the turns he would make 
to measure the angles, in the triangle. Hooray* The extra in the triangle come from the 
crip and get added to the LSC # of the “triangle theorem" 

til. ANCLE EXCESS 

Believe It or not, we‘ve made some real mathematical progress in understanding 
because we haVi run across a new concept. The concept is what maThematidars call angle 
excess' or simply "excess." Excess Ls the "trip turning" chat the turtle gets turned in 
traveling around a closed path without doing any "turtle turning' of his own on the way. 
For triangles the excess Js exactly the angle you have to add to lfW® to find the actual sum 
of angles In that triangle. Right away there are same nice things to notice about angle 
exon 

THINGS TO NOTICE: 

1) Vou can ask what it Is fw any polygon,, not Just a triangle. (This li provided 
of enurie the turtle knows how to walk a straight line in any direction, not just forward or 
sideways- It is nqt hard to train turtles :o do this.) 

2) You can ask about angle excess on any surface, not jusi a sphere. Simply have 
the turtle walk around on the surface. So- excess is a ralher general concept It's an angle 
assigned to any closed path on any surface in a particular way. 

Perhaps the best thing about It u not its generality but ill the nice questions 
you can ask about it. 

THINCS TO WONDER ABOUT: 

I ) Cin you ever compute angle excess without pin measuring it? A partial answer 
you probably guessed already-yes indeed, an excess angle on a plane is always wrol If yw 
still believe the turtle triangle theorem on a plane then yew know the excess angle for all 
triangles is iers In a plane, Even tf you can't prove it I bet you'd believe that all polygons 
in a plane hive afro excess This lead] me to ask If the plane Li the only surface with tens 
excels for all polygons? {Think about that) 

J) Is this angle always greater than ino for any surface, i.e. is It always a turn 


Opposite the triangle measuring direction? 

3) In general what does knowing excess tell you about a surface? Everything? 

4) What does angle excess really mean? 

But let's not get too far ahead of ourselves. I think that we'd better make sure 
the exc«i angle concept It ratted down. Thar means asking some simple questions aboui u. 
Is ii weft-defined, i t. have we really specified exactly one number to be associated with any 
polygon? In particular: 

Question l) Does excess angle depend on the initial direction of the turtle faces? 

Question 2} Does Aw it depend on where you stare in the polygon? 

If you think you have the concept nailed down, skip this section for now, but I'd suggest 
you come back to if. 

Answer I) No. Imagine the turtle walking around a path without turning and comparing 
his final heading with his initial to find the excess. Now suppose we take another tuccle 
and start him out pointing 9G n away from the first turtle and walk him sideways along the 
first leg of his trek around the path- Compare the new turtle's heading with the old one'i 
*t each point as he goes along. I don't know about you. but i’d say the turtle was broken or 
didn't know how to walk sideways properly if he gradually changed relative beading to the 
first turtle. M* to Ba B to 55 fl to... Somehow the turtle ii turning his body to face in a new 
direct ton while walking. (Try this Idea out by thinking about turtles marching an a table 
top.) So If the second turtle walks sideways properly, he will maintain his relative 
positioning to the first turtle and will wmd up afur going all the way around still 90® 
different from turtle t. The difference between initial and final heading must then be the 
same for the two turtles. 

Actually I can he clever and make the argument above into a real proof. J will 
define a Umle marching Sideways (or at any Other angle) Ml a turtle line to be marching 
"properly' only if his relative heading to a straight marching turtle doesn't change. Then 
Answer l) is trivial provided we do alt measuring with properly rrmdijng turtles. Isn't that 
clever? This is an example of a great mathematical trick used alt the time. If you've got a 
good theorem and can't prove it. then define things so that it's true. 

Answer 2) No. Look at the following record of how a turtle faced as he measured the 
excess in a triangle starting at A, The excess is markrd 9, 


Fig.. (k Mcnurinjf Ecroil. 


Suppose so™ ether turtle measure* the ingle «ce» .starting at a. Because of Answer l) we 
might m well take the rww furtle to start facing the same way u the old turtle, and » he 
will fiee thei sim way ill the way round to A, There the record of the old turtle change* 
b r I. Answer 1} ays that the angle between old and new turtle will be maintained ai new 
move* from A m H. 



Fig; i. New Turtle fia-lEd) cfnnpared tn Q3d Turtle idettatj. 


But then # will be the angle between the beginning and the end of new turtle'* trip, the 
Write as aid turtle'* excess angle. 







The mult of Answer l) and Answer 2) Li that It doesn't matter where yw start of 
it what heading you start, the excess will be the sain*. (Note that this had better be trut 
otherwise the understanding of excess is being the different* between mangle vertex sum 
and ISO 5 would likely be In error. Capisce? (Thii it more « lew obvkoui depending on 
haw you think about it. In any cue you should think about It until it's more or leu 
obvious.)) 

IV EXCESS ADDS! 

Back to mare investigation and lest formallration. Let's concentrate on the sphere 
for awhile. 1 started on the sphere with a triangle af fairly large excel*, 9CP. Can you 
Imagine a triangle with a bigger excess? (Look for one if you have time,) 

How about this one. A triangle with 3 ISO 0 vertices' The equator! Just start 
anywhere, call it point I. Travel 1(1 of the way around then stick in a L8QF vertex there and 
cumin lit around on the equator another 1(3 circumference to point 3. Stick in another lfl£f 
vertex and- run Che rest of the way round home to L An excess of 36d B ! That 1 * ore of my 
favorite triangles. 

How about a triangle with a smaller excess. I guess that's no problem- Just take 
a very small triangle, like one in your front yard, compared fo the earth-siied sphere (the 
earth!), fd bet such a triangle has angles totalling very nearly 180° so an excess of nearly 0. 

It looks like small triangles have small excesses and large ones have targe excesses. 
If you haven't already noticed, the 3 X ISO 11 triangle has 4 times the excess of the % X 90“ 
triangle, and can he made up by pasting together exactly 4 of the 3 X 90® triangles. (Lntsk 
closely.) From that it looks like excesses add. Take a look at a triangle made by combining 
Z 3 X 90* triangles. It has a excess of ISO 6 ! Lmk at any triangle made up of 2 90 5 angles 
at the equator and n degrees at the pole, It has excess of n q and can be made up of 8 
triangles of on# degree excess. 



Fif, ft Eicm* e-f i kt large tnaix If it turn nf the qinm of the small &™ea. 




Tfiji it beginning to look like a theorem- 


Theorem: If a [flingle Jl subdivided into subtnsnglei then the excess in the 
triangle it the Wfft of the excesses in the subdivisions, 

111 gLve you i proof to you don't have to fiddle around i lot. Notice that the theorem 
doesn't mention anything about spheres in particular, neither will the proof; it's true on 
any surface. 

I'll just do the cate of subdivisions into two. It's tricky {really!) extending this to 
any subdivision;, hut L think Just (his much should give you an idea of what's going on. 

Proof: Measure HCfJi in ABC. I've shown a record of turtle pointing. 



fit- 9. Eictti BCD (a i* rl * Excui ABC t» i# r) * E*e«i ACD (y to mV 


He starts out with heading * and ends up with y. Now do ACD. To make things simple 
you might as well start from A with the same heading, y t which ended measuring ABC, 
Then the second measuring turtle should agree with the first all the way to C. (Do you 
agree?} Turtle 2 then continues to D and ends up at A with heading l Finally measure the 
excess in BCD by Karting at A in position k* running all turtle i’s path to C Then follow 
turtle 2 (who Starts from C with the same heading uml* 2 left off with) around dear back, 
to A. He winds up with heading l- U»k, the excess of the big triangle Is the angle X to I 
which is just the sum of the excesses (k to V and y to t) of the two smaller triangles. 

That's really i pretty nice theorem. It's the beginning of a really great one, 

Theorem; The excess of any polygon It the sum of the excesiei ift any 





polygonal subdivision. 


Can fun see how to prove chaiT tfi not that important, but 1t 4 s nice to notice that atl you 
havt to do it ttart with oat polygon and add oft connected ones, one »r a time. To prove 
each step in that process you can use the proof given for adding two triangle* together 
because that proof did not depend on the pieces being triangle&r AH it need* i* a picture 
like below. Polygon veiUctt are Irrelevenc. 
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Jn mathematical lingo, the proof Dnlji - depends on the topology i,e. how the thing I* hooked 
together, who* connected to whom. Not on where vertices are or how long toy aide it or 
how much area anybody has. 

V. CURVATURE DENSITY - EXCESS PER UNIT AREA 

Whether or not you spent time proving that theorem, it'* certainly suggested by o H r 
observation! about ex«i* being additive in some special case!. And furthermore! the 
theorem is really lujgMtliw of other thing*. Compare it to the obvious; 

Theorem: The area of any polygon is the tom of the areas of any polwcnil 
subdivision, 6 

# 

Well, «ceesi,act* like area in that respect. Could it be that excess is properties! in area, 
that is E-kA where E-excess A-area and k-sotne constant? That would account for the 
additivity of excess. But it"* obvious that k couldn't be a universal constant like *\ After 
alt. * muse be Eero for a plane, but it can't be lem for a sphere. Noi only that but it eafA 
even be the »me constant for all sphere Consider also a S x crlu^lem the earth and 


one mi a ping pMig ball. They have the same excess but certainly don't have (he same 
area. So how about the hypothec* that k depend* on the surface, and every surface may 
have a different kP Let"* try that doe. 

Obviously any plane has k-0. 

Theorem; On a. sphere of radias r. E-k A and k-Vr* (Lf E 11 menu red In 
radLani). 

Proof; This 4* not a rlgoroui proof Just as the other proof) I've given are not rlgorpu*- 
But the main Idea n there. First I want to show E-kA. Then it will be Urn pie to find out 
what k Li. 

The Idea U to measure excess a* you measure area. Subdivide a general area into 
a bunch of tiny uniform area* and add them all up. For example how might you measure 
the area of an arbitrary polygon. Divide It into little tmy squares and count squares (or 
course there tan be a tittle area left over but not much. I can always use smaller square) to 
get a better estimate It l want. And you calculus buffs out them know how to talk about 
the limit of small squares.) 



Fij- I I. Dmdinf a M yu bn inU until w^tj Ir44 — m«lluri;h£ Itti, 


So do the same for ertrtsi. Divide your polygon up into little tiny uniform "squares" (again 
there may be same area left over, even cracks berween "squares", but again if your "squares" 
are small enough "not much w||) be left over). Now these 'squares* are all absolutely 
identical so not only must they have the same area, they mow have the same excen If the 
area of a smalt "square* is a, tti excess Is e and there are M squares, then A-Na and E-Ne 
and thus E^tfa)A, If you take another polygon, you can measure it* A and £ using the 
same small squares and If this new polygon has M squares A-Ma and E-Me, still we have 
E-WajA. The same e and a so tame k-efa 










Sti k-e)» -EM. We adll need to find whit number k it for a sphere. Welf, rake 
an example, For the S it |60® triangle A-l/£ sphere area -2#r J , E-S* (3eq B ). k-ZIA 

-2*{2ri 2 - l/r. 

\ 

There ire a few thingi to be said here. The above proof that E-kA applies to 
my surface which Is the amt everywhere, It applies to a plane (k-Q) to a sphere (l-l/r*) 
and to anything else which is the Lame everywhere. By "ihe same everywhere"' t mean, that 
you can u« the same small square as your little measuring slick everywhere- Certainly yog 
ran move any little square on a sphere to any other place on the sphere, The tame in a 
plane. But suppose that you have a sphere and drop it so that one side gets flattened 
Then you ^jst can t move a little square from the round part of your mushed sphere to the 
flat part to measure some \ and E. It wont Fit. After all flat Li Hat and round li rounded. 
Vou must use a different *tlny square" reference for measuring E and Aon the sphere part 
and on the Flit part of your smashed sphere. So e/a-k is different on the two parts. 

I said that k-0 for a plane which Li nor curved at all. A very large sphere like 
the earth duwn't look very curved and Indeed a little churrk of sphere like your back yard 
sOr part of a very aim like if your back yard Is too rocky for your taste) could easily tre 
mistaken for a flat plane, k is very small tn this situation since k*l/r 3 and r is big. Now a 
ping pong ball is very curved compared to * large sphere hence k-l/r* is very raigec 

Let me make a very interesting analogy k-e/a is a "density’ Jt"» like how much 
paint you have per little chunk of surface area. In fact I’ll call k the "curvature density.’ 
^nd I ■‘'ant to think of it as analagous to paint density." Spheres and planes hive uniform 
coats of "paint'-thai It the curvature density is the same it all places. But just like a room 
which has perhaps i coat of paint on the wall (1/S cup per sq foot) and a double coat on 
the woodwork (I cup per square Foot) and no pamt at all on the windows, the curvature 
density may vary from place to place on a surface. The flattened sphere has no curvature 
density on the flat side and l/r 3 on the side that Hurt 1 ! been smashed. A football is not too 
curved in the middl*. k is not too big there. But at the pointed ends a football is curved as 
much as a sphere of small radius It has a thick mat of paint-I mean a brge curvature 
density there. Between the middle and the pointed ends the "piini" probably gets gradually 
thicker and thicker. 

If you want to know how much rotii paint P, on some surface with constant paint 
per unit area. p. the answer is simple, P-pA, where A is the total area. In the same way rhe 
total curvature, K„ of a surface of constant curvature density Is just K-kA_ Ngw if [he 
paint density varies from place to place and you want to know how much total paint there 
IS. how do you do it? My answer is divide your surface into little tiny pieces. Vou find out 
how much paint is op each little pi™ by multiplying paint density times area, and then add 
to Fins the total pamL (If you have only have two thicknesses of paint then you only have 
to divide your surface Into two pier*, take density times area for each one But if you 
have lots of different thicknesses then you're probably best off dividing into tots of small 
areu ) Irt any rare I imagine you believe that if you know the pamt or curvature density 
everywhere you can figure out how much total paint or trail curvature it on the iurf»« 


ESCAPADE: I wane ig look at curvature mu mother surface, a cylinder 
Q: What it In on a cylinder? 

Aj k-0 like a plan*! Obviously a cylinder it "the Mine everywhere" so k It Juat ■ 
Ungte number. fm sure you’d, agree That line* running the length of the cylinder and 
circlei perpendicular to those lines are turtle lines. 

So lock at the square beW. 




Fig. 11 "Squirt" hi. i tylbr^er. 


Turtle goes forward 1 to 2 tideways 2 to 3 backwards 3 to t and side ways + to 1, and he 
wtndt up not turned at all. E-0 id L( E-kA then k-0. 

Now why it that? The reason it"* true \i profound. It's thata cylinder is- just a 
plane rolled up. And rolling something up doesn't change any path length* on the surface. 
(Demon itratiMV draw a path on a piece of paper, now change that path length. Well, you 
can’t not without ripping the paper. So rolling doesn't change any length*. For those who 
are not easily convinced, I suggest the following. Glue a rubber band to a piece of paper 
Now try to stretch the rubber band without ripping the paper. Rolling just won't do it 
(except for a tiny bit which happens because the rubber band Is not on the surface but a 
Utile above.) 

If path length* don’t change on rolling, then a straight (turtle) line drawn on a 
paper which is then rolled up, remains a turtle line. How can J be so convinced that 
straight 3fne$ don’t become non-turtle lines? Because having thought about how Turtle 
run* along turtle lines I know that all it depend! on It that a bunch of distances are equal. 
Turtle knows h* I* walking In a straight line when hu left legs and hit right, legs are 
moving the same distance In each Hep. 






Fif. A turtle lane wiih LrJcfci. 


Look at [he above straight line and turtle traces, around It Now imagine the paper rolled 
Up. Turtle could walk in the enact same track* because no distances have changed. A 
turtle Ude remain* a turtle Hue when rolled u-p. 

There's more. Angle* don't change when you roll something up or unroll it 
either. So any polygon of turtle lines on a cylinder is the jugt the same as * polygon In i 
plane. U hat ien> txccu. 

If angles and distance* don't change when you rail a paper into a cylinder- whai 
does? Topology! Here it ii again. The only thing that changes it who it connected tn 
whom. 

There's i rather important lesson here. When we began with planes and spheres, 
it was pretty dear that k^ meant what people usually mean by saying W aryd k rot 
equal to jctq meant curved. But now here’s a surface, the cylinder, which moat people 
would lay it curved. You have to decide now whether you want to go on saying a cylinder 
it curved as you always did, or change yout definition To "flat* means k-Q, and then say 
that a cylinder is flat. That last may sound very strange, but mathematicians (and I) think 
It’s a good thing to do. Why? Because we are interested in geometry like how many 
degrees in a triangle and squares having right angles etc. We are not Interested so much in 
"how things look," A plane has so much mure In common with a cylinder from a geometric 
point of view than a cylinder has with a sphere, that it makes much more sense to say both 
a plane and a cylinder are flat (father than saying spheres and, cylinders are curved). In 
fact if a turtle were never allowed to go clear around the cylinder and discover Lti different 
topology, heU never be able to tell The difference between that cylinder and a plane at atll 
So if you're talking to your friends who haven't read this paper you'd be better off saying 
a cylinder Is curved, but if you're talking to a mathematician, he'd be happier to hear you 
say a cylinder l* flat, [f you're doing geometry it's hard to go wrung with flat cylinders. 


VI. REVIEW 


Let's stop and catch our breath- Tike a look at whit we’ve dare. We Started 
with your usual garden variety straight line and things you tan build out oF them. Llk# 
triangle*. You can aik yourself what really ii a Knight Une and then# are loti of way* to 
answer that. One useful way it with a turtle walk, If a turtle walks an equal number of 
steps with right and left legi and equal distance in a step* then that's a straight line. But 
that way of characterizing a line works jutt as well on a sphere or a football or a cylinder 
as n doe* on a plane, The question arise*, what happens to things like triangles with these 
Yurtle lines' for sides. The main thing is that certain angles or sums of angles charge. We 
found that you can chink of this change is being described by a new angle, the angle 
rotation which the surface performs on a turtle (is apposed to that which a stirtle does 
himself) in travelling around a polygon. That rotation is called the excess. Then there wsi 
our prime theorem about excess. It is additive: the excess of a polygon which it 
subdivided Is just the sum of the excess* of the subdivisions. Thai make* excess lock very 
much like area* and. in fact for surfaces which are everywhere the urn** ex«u It just 
proportional to area, In Other surfaces the amount of excess per unit area vtriei from 
place to place being greatest where the thing is curved most and less where it is curved very 
little. That ail leads us to define curvature density, k„ as the excess per unit area In * 
particular place on a surface. (It's k-lfr* on the rounded part of the dropped sphere and 
kKJ on the flat part. Don't ask what it is on the edge between rounded and flat jvttt yet.) 

You may aik me why t called k-efa the curvature density rather than exceit 
density, after all you compute k-Wa by measuring how much excess occurs per unit am, 
Or why did I call K-kA. the total curvature rather than the total excess? Well, one reason 
is that while k is measured using angle excess* It is realty important for its "meaning' as 
how curved something is. It's always good to remind; yourself of what something meant in 
iti name, There li another reason which u really quite subtle though. I know how to 
compute the total curvature on any kind of surface by adding up curvature density times 
area of little pieces. For example' how about the following surface. 



F: g- It. Am mrbllfBry furrier wiLki holts. 


Suppose. to t>e simple minded, that eb-canitanr. No pr-otlsm you say (I (hope) ir you on 
meaiure a ret. But l( [ cry to think of e/a as density or excess. then I may be tempted uj 
think of the total curvature at a total excess. But where is that extra? An excess always 
belongs fo a dosed path. And I'lt give you a hint, the total curvature or the above shaped 
surface wilt not be the excess angle of any of Ltj three -edges'! 

Here's a different example of the same thihg. What"* the total curvature of a 
sphere? Well k-l/r 3 and A»4 ttj 2 ip K-4-tr That sounds like an excess angle, but where is 
the pith for that excess??? That's why J use the names 'curvature density" for e/a and 
"total curvature" for K-kA rather than anything involving excess which may make you 
start looking For a path. 

Let me go back to the holes busLncss and [pplt * bit more carefully. Suppose you 
draw .a polygon on an arbitrary surface, and you want so measure the total curvature Inside 
it. So you divide it up into tats pf tiny polygons ahd add up k times a for all the small 
pieces. YouVe just adding up the e from each small polygon. But doesn’t the additivity 
theorem say that that sum is just Z of the big polygon! Look at an example. Suppose that 
the surface we are talking about Is a sphere with the polar cap cut our (say from latitude fiO 
on Up). - ake the equator as a polygon., a polygon With one side! You know it has an angle 
excess of 2sr (j&c "■ But the tntal curvature -contained in the upper part of the sphere is 
(k«e/a-l/r a ) times (an area less than 2irr 3 }. Thus the total curvature inside cannot be the 
excess of the equator. Something SI rotten in the state of the additivity theorem* 

Let mo tell you what's gone wrong so you don't have to figure Jr out. The 
additivity theorem, needs something that I didn’t mention explicitly. It needs the polygon to 
have an inside which topologically looks just like ?he inside of a polygon in a plane- That 
means no holes, no tears or Other such gobbeidy-goes. (Those holes and tears won’t allow 
the proof by adding pieces one at a time to work. That's because we can only add together 



P** 1 wh,eh h * v * topology of Figure 10. With * Sole you always come To a 

situation where adding on a piece does not have the Figure E0 topology, Try working out 
an explicit example!) & 

ii lhe wa ^ h6lcs arw V* [hr *nljr thing! that can mess up the additivity theorem. 

The square with handle" shown in Figure 29 has no holes, only one edge (the square), yet 
the excess or' the square will not be equal to the total curvature inside it. We'll learn more 
about that kLnd of thing later. 

just to remind you that we're still doing mathematics, I'll restate the above 
discussion In a theorem and give a proof. The reason I'm doing this extra work ii because 
this IS really a key theorem and an example Of a Class of theorems which are very 
important in math and physics- It's a theorem which relates something that depends on the 
inter jot of a region to something which can be computed on the boundary of that region. 
You'll see how such theorems can be important soon. 

Theorem: Clven a polygon on an arbitrary surface which has an interior 
topologically like the interior of a polygon in a plane, the angle excess of the 
polygon is equal to the total curvature of its inferior. 

Proof: Let's compute the toral curvature in the interior. To do that divide the polygon into 
lots of very tiny ones. Then multiply the curvature density in each small polygon by its 
area and add up the results. But the curvature density. k„ of each riny polygon Is just efa 
and so k times the area is e. We are really Just adding up the excesses of the small 
polygons. The addltivjiy theorem now says that the thing we're computing, total curvature, 
is just the excess of the large polygon QjED- 

This theorem celts you exactly when E » K. 

Problem: Whats the total curvature of a sphere? Previous Answer; A sphere is the same 
everywhere so it-kA, k'-Ur , A m iwr s so K-'tir. Another Answer: to find total curvature 
we can add up the curvature from any convenient pieces. A sphere is us Northern 
Hemisphere plus its Southern Hemisphere. Each of these is a polygon (the equator) 
bounding a nice interior. So the curvature of each hemisphere ii just the angle excess of 
its boundary, the equator. We know the equator has excess 2* That makes the curvature 
for each hemisphere 2ir, and i total of ir for the sphere. 

V(I. DENTS AND BENDS 

Suppose I put a little dent in a sphere, what happens to the total curvature? You 
might guess lots of things. Perhaps it depends on the den; If it's a flattening maybe that 
reduces it; if its a pointy kind of outward dent maybe that increases it, But the answer is 
n othing happens to the total curvature!!!! Watch carefully how i prove this. 

Suppose you make a dent tn the sphere Let me draw a polygon around the 
dent but far enough from it so that the vicinity of the polygon ls unaffected by the deni. 




Fif, If- Making t deni in * sjihrrt 


The total OiTVityre at the iph«ft Ls just that inside the poison plus that outilde. The 
total curvature ouuLde the polygon cannot be affected by the dent so all we have to worry 
about is the total curvature inside But that's just equal to the excess of the polygon. And 
the turtle’s walk around the polygon ti entirely unaffected by the dent since 1 drew the 
polygon deliberately far enough away from the dent so that therms tra bending tlwr*- (The 
turtle before and after denting trtU the .same territory.) The excess must be the same 
before and after denting, and the total curvature does not change at all* 

I can dent, bend, smash, buckle. push, pull a sphere one small piece at a lime Into 
any shape I choose and the total curvature remains the same. The total curvature ts a 
topological Invariant, that is, it doesn't change no matter what you do W the sphere as long 
as you don't rip It or in some other way change IU topology. I think that it really 
marvelous.. $□ a football has total curvature it. A Mickey Mouse balloon, ears and all hai 
total curvature dr, That sphere 1 dropped either and smashed one side flat still hat total 
curvature 4j- (Whoa. Suppose 1 smash the Southern hemisphere flat you say. That pan 
has total curvature kfp. The Northern hemisphere has only Sir. Where'd the on her 
curvature go? It's there! Find iti) 

Suppose you take a sphere and pull it to make a cylinder capped on each side 
with a hemisphere. 


v,»- 



fijf, 14. Cylinder between t»« hnmiiph^re*. 


Th*t thing has total curvature 4*. But neb cap h*i 2r, to that doesn't leave you anything 
for the cylinder, Cylinders have total curvature zero! And since a cylinder is. the ** me 
everywhere, the curvature density must be zero everywhere, (Now we've jhown that iwa 
ways, it muit he true) 

All this bending and stretching and moving curvature around makes me aik, 
whai kind of bending and itretching you can do to something, even if it’s not a whole 
sphere., and keep the same total curvature. Pretty clearly I r || keep the tame curvature as 
long at I can put an unbent *turtfe road* around the dent and isolate the rest of the surface 
from the dent. (Well that may not be so obvious 4l you think, hue It's a good working 
hypothesis.) In any ase it is definitely true that if the surface I'm talking about is a turtle 
polygon with a nice interior (no rips or futtny business) then the additivity theorem tell* me 
I can compute the total curvature by running a turtle along the edge. So if I leave a Hate 
ribbon undented along the edge of the polygon a* * 'turtle road," l can be sure I haven't 
changed the total curvature of a nice polygon. 

Can you extend this discussion about maintaining total curvature to surfaces 
which are not nice polygons but might have holes or rips in them? How about a polygon 
with an Interior which has a 'handle? 11 Can you give an example where you keep the edge 
polygon of a surface unbent but don't maintain an entire little ribbon "turtle road' and 
consequently change the total curvature? 

Here’s another way to keep the same total curvature. Just make a bigger or 
smaller model of your surface. If your turf ace is a polygon with a nice inferior then total 
curvature is jpst an angle (the angle cjccesi).. Angles don't change when you change just the 
i4ile of something. Can you prove in general that the total curvature of any surface 
doesn t ching# on making a bigger model of ii? Hint; Think about how you measure total 
curvature. 







VIII. SURGERY 


How much total curvature In the surface of a donut-mathematicians call It a 
tarns. The first thing to notice at that any donut has the same total curvature aa ary other. 
Why? The same reason spheres, footballs and Mickey Mouse balloons have the same 
curvature, t can isolate a small dent 'With a turtle path and show the total curvature doesn’t 
change. Then 1 can, make any number and kind of small dents to bend a donut into the 
shape of another donut and the curvature stays the same at each step. 

1 might try to da far a donut the same as I did for a Sphere. Unfortunately 
donuts are not the tame everywhere. Inside the hale a little chunk of surface looks like * 
saddle but outside, the surface looks a lot more like just a cap on a sphere. So I can't use 
K-k.V 

What 111 do is Start With something I know, a Sphere, and do some surgery an it 
to make a torus. If I can figure wt what happens to the curvature during surgery, \ win. 

So lake a sphere, Squash the North and South Poles Inward together, Still hu 
curvature 4#. 



Bi sure to make the middle where the poles nearly touch flat so that there la no curvature 
density there, Now cLrt a smalt hole out of the North and South Poles, 





fig, 18, fltmavLRg > imill, fill (with »re cvreaiq raj 4t*c- 


Thi,t doei not remove smjr at ch« curvature. Now just insert i little valve ship* like below. 
» nuke a donut. {Top edge of valve fib in North Pole hole, and bottom fit* in South-) 



fig. IJ, A 


if you like, pull the center holt OUE unlit it look* like a real donut. 








t’if. 2D 1 . Stretching the Til to Ml, 


The only place where curvature was a-dd«l was when we gkied on the Knit valve. 
All we have to do is figure out how much curvature it Jr the valve art) add that to the +r 
from the sphere. If \ can construct the valve out tf surfaces of known curvature, that 
would do it Tt y this, Start with a sphere (total curvature equals tr). Put a belt a round 
the equator and squeen. then straighten things out so that the North Pole bulge and the 
s ® Hh Pole bulge are spheres. Tom! curvature 1* on top bulge, 4* on the bottom buku 
and look who's In between. ’ 



fit ll Barbed ■ Sphere ♦ ViJ^e * Sphere 
Telal -Csirrature! -ijr - 4x * Yilw ■* If* 

Yihii - -** 









The valve! He must have curvature minus *jr so th*t this "barbeir still has total curvature 
4*. Thus the donut which we constructed from a up here and a valve has total curvature 
4w minus 4 t equals wrc, That does not mean a donur has curvature zero everywhere, but 
JUsit that it hat at much negative curvature at positive Curvature. 

Now u an exercise how much curvature El In a two holed, donut? 



Fig- 2! h tnsj h ij :p, 1 HirngL 


IX, CONES - ANOTHER LOOK AT CURVATURE 

I'd Like to go back and look at curves for a bit. Now a cane is mostly just rolled 
up flat paper. Cut a little chunk out of the tide of the cone and you can easily lay It flat. 
That meant that the cone It ]u« about everywhere a aero curvature density ■abject. But 
there it an exception, ihe tip The dp won't flatten out without ripping. AH the curvature 
In a cone mutt be concentrated at the tip. 

How can you figure out how much curvature it in in the dp? Of cour$e-*ute a 
turtle and find out how much excess it contained in some path around the tip. So that I 
can easily see a turtle walk in g around cm the cone, let me do a little trick. Cut the cone up 
the side and lay it out 







fig. SI Laying 4 rnnr flit. 


This doesn't affect any distances, and turtle path* cm easily be seen now- they are regular 
tiraight lines (except where they cross the cut), I an a]» cell easily when the turtle doesn't 
lum; he just keeps the sane heading. So now look ar a turtle path around the point IV* 
drawn in the direction the turtle points along the way, (I started him at A pointing parallel 
to the cut) If [ glue the ogne back together It's easy to see that the es«» fur the now 
Closed path Is exactly the angle 9 between the turtle at B and the cut 



Fig. Si. TurUe park wj th turtle heading*. 

But # as esactly the angle of the pie cut out of the cone when laid flat, {That's Just a little 







elementary geometry far you,) So the tx«ucf the turtle pith k just the "pie angle" 

Moilce that this result, excess of path around up equals "pi# angle" does not 
depend it a l on how big the path around the tip ji. So you can see by pushing the pith 
c ater and closer to the (ip and alwayj getting the same excess that the curvature must be 
concentrated in the tip with iero curvature everywhere else. 

Whit's nice about cones, then, ii chat you can see the angle excess ft ii in fact 
the angle yo« need to cut from a flat ptece S f lur face to make It into a core. 

Suppose Turtle Is sitting on the apex of a wne. And then he goes a distance r 
away and draw* a circle" (actually a many-sided polygon) around the apex. Being 
nearsighted and not too concerned with curvature he thinks r is the radius of hts circle 
But of course ht Hndl the circumference is not ?vr but something leu. (It's missing exactly 
ihe defect pie from being 2-rr.) He'll find the same thing on a sphere The 
circumference of a circle is not Bar, but a little less. (Look at a globe and what the turtle 
thinks Is r.) [n fWeral positively curved things fcty have this property of circles having 
insufficient circumference. OF course that really is why they are curved; there's 
insufficient circumference to a tircte to allow you to push it Flat wLtheut ripping the thing 

H ° w ia ^t negative curvature? It's Hie a cone with too much rather than 
insufficient circumference." Not a pie with a slice taken out but a pie with an extra slice. 



You can't push such a thing flat. No; because you're short of circumference and will rip 
the cone trying to Flatten., but because you have too much circumFerenee for a given radius 
and can t cram it all into i plane. Saddles have negative curvature. 


X. PROBLEMS 


1 through n;( Authors prerogative) Answer all the (interesting) questions in the test. 

n4:(Back w basics') Convince yourself that an equator must be a turtle line independent of 
the fact that l told you it was. Is the path of a boat with rudder aimed straight a turtle 
line? How about a Jet plane flying iTrtight? 

n*2;(Cutctng and pacing) Is a clrde around the ape* of a cone a turtle line? Make yourself 
a cone and draw some turtle line* on it just to see how they look, Draw in some untuning 
turtle direction flags. 




n*fc(Ati easy one} Show that a football has total curvature 4*- without using the fact that It 
it a bent sphere. Hint Find a subdivision of a football into nice polygons of which you 
know the excesses 

n*i:(But t already knew that} Using the theorem that making a bigger or smaller model 
doe* not change total curvature, conclude that all the curvature in a cone is in its tip. Do 
this by observing that a smaller model of a cone has the same curvature but is exactly a 
smaller piece of the original cone. 

n*5:fSome idiot povred paint in my garden hose} Sometimes it is not useful to describe the 
location of paint by paint density (paint per unit area). After all when it's Mill in the can 
you juit say, "there’s a gallon, right there.’' The curvature in a con* is like that. It’s *11 in 
one place, the tip. On the other hand some craiy person might pour your paint into a 
garden hose, and then the most reasonable measura would be paint per unit length (of 




hose). Can you Find a surf ice w h ?.:& that ion of measure Ji appropriate for curvature. 
The edges of a cube are not an example! Convince yourself that they contain no 
curvature, (By the way, Where Li the curvature in a cube if it I| not distributed alone; the 

edges?) 

n*5;{Changing scale) Convince yourself that making a larger model of any surface changes 
the curvature demity by a factor or f J (f is the factor of increase of all dimensions from 
original surface to model), but that the total curvature of mode) and surface remain the 
same. 

mlrfTurtle line* rev Hired) Look it the following record of turtle sndi. 



Fir, 2,7. A turtle lire? 


The left legs take the same number of steps as the right leg*. And all steps are the same 
length. So why Isn't the track a turtle line? (It obviously isn't one,) Can you apply the 
principle of "a line muit be everywhere the same" Can you aniwer the question without 
the principle? 

Another problem along the same lines ii as follows.- If a line must be 'everywhere 
the same," then what happens to a turtle tine on a smashed sphere as LL goes from the 
round part to the flit part? Can you reformulate the *a line is everywhere the same* 
principle so that It reatly applies to turtle lines? Think of a turtle linear a procedure. 

n+SiChfpre turtle lines revisited) Would ihe Untie turtle which we used for ping pong bails 
draw the same turtle lines on a big sphere as i big turtle? What do you have to say about 
turning a real (motor* and gears) turtle loose to draw triangles In your back yard. Would 
hts siie matter? Think about a tiny,tiny turtle crawling over each pebble in your back yard. 
Does that make you nervous about what a turtle line really li? I mean y™ know pretty 



much what a triangle of turtle Un« say 20 feet on a side should look like on your back 
lawn but wouldn't a liny turtle get all confused by the blades af gnu? Who tells you whit 
size turtle to um? 

Ask a mathematician to answer this question. Aik a physicist. 

n*9;(Relatively speaking) Suppose somebody told you that hot only is the earth not flat, our 
UNIVERSE IS not flat either. Whit might he mean by that? Answer in terms of angles, 
circumferences and radii of clrdei, and perhaps surface area and radii of spheral Notice 
before starting that we never had to go ou? of the surface of a sphere to discover it was 
curved as long as we had turtle lines drawn. The same applies to the universe. [Einstein 
decided that the universe was not flat. He thought it was curved in a very special way m 
account for the existence of gravity. In fact he arranged things so that the funny shaped 
paths objects travel under the influence of gravity are just ■'turtle paths- in our curved 
universe.) 

n*lft( Holes) Can you find the total curvature of a surface with holes in It in terms of the 
excesses of the boundaries of the surface? Hint: Fill in the holes. Now how much 
curvature does the surface have? Cut them out. How much curvature did you remove? 


\j C \H ■ y j 



Rf- 2)6. Surface with iwc lisle*. 


n+U.( Hand Its) By doing some bending and surgery show that the addition of a handle to a 
surface always decreases the total curvature by lx. 








- ~> 





FJf. 39. [nteiiinjf a 


{Adding a handle Li topologically drilling two holn and gluing in a bent cylinder <**lvri to 
wnn«t them.) 

By doing turgery. thow chit a knotted handl* can be untied without changing 
ratal curvature. ° * 



Fi(. M, Uetyirif * knitted “handle" 


You may want to uti the fact that an unbent cylinder hat kfo curvature ia you can nw 
out part of It without hiring any curvature, Alternatively you cm prove and/or u*e the 
Theorem that bending any tutface do« nor change total curvature u long it ail edge* 



















remain unbent. 

Futility ai an Interfiling point for you, COUkler the class oF surface) which cm b* 
mad* From i limhed amount of ini (thua plane! are excluded) and have no edges. A 
ip here and a torus ire examples, Now the remarkable fact 11 that, Mpologieiny cpeating, 
every such surface Ji Juu a sphere with handle! stue*. In. (A torui n topologically * sphere 
with one handle,) The preceding discussion of handle! should convince you that every 
jueh suffice hai total curvature belonging to the set 4*r, & 4», -Sr, -.etc. and that the total 
curvature tells you exactly how many handles the surface has (Note-. This little discussion 
refers only to the garden variety surfaces found In ordinary three dimensional space.) 

n^Plato) A Platonic solid is any object which is flat almost everywhere and otherwise ii 
as 'regular' as can be. Thai means Jti surface U made up of a number of faces which ire 
all identical regular polygons pasted together. [A regular polygon has all ildw and angle* 
identical.) Each vertex of the solid ti also identical to any otherj.f. ha* the »™ number of 
faces adjoining. 

Show there can be no more than five Platonic solid!- CThere are in fact exactly 
fivr- the tetrahedron, octahedron, cube, icosahedron and dodecahedron.) 



ra- 31. Pill Hite Solids: TetrjhpJ™ri| GclnJiedron, Cube 

[Miahtdrun, I>dni-,akedrorL 


Hint; The surface of a Platonic solid is topologically a sphere so has total curvature 4*. 
Thia is distributed among v vstkA (f» curvature along any edgel) ill containing the *ao» 
amount of curvature, c. 


vc-4t 

Each vertex on the ocher hand Is made up of a vertex From each of the f face* coming 









together there. The vertex of a regular polygon has interior angle >. 



Fii|. 3l A «ri4i sf t solid *h< ra tht at ihn mefi. 


Thus 


c * tt m fl 

to y™ doirt understand this, go over the section on curvature of tones,) Therms one mon 
formula I can write down. Each face ha a sides and « 

I - f -2f/a 

Lrt’s start with 3 sided facts l-irft c-SirM. Now f an t he I or 2 becauw it 
least 3 faces must meet at each vertex [that 1 * more or less obvious), ^however can't be iero 
or negative (since vc - +4 t)-So that only leaves f-S.l, or 3 with vHir/e»4fl2'(73) - l2/(6-f) - 
4 h &, or 12. These possibilities are Tetrahedron, octahedron and icosahedron respectively. 

Now how about 4 sided facet, squares, The only way to make a proper veriest out 
of squares is with 3 of them. 



Fif- 11 Citbet ft, i*rft n*T ft 


That's i cube. 

Five sided face*; *-*5, * 3r(5. The only way to nuke a proper vertex out 

of such vertex angles is with 1 fates, c -2r -Ux/5 v- 2C. That's a dodecahedron. 

How about 6 or more sided figures? The basic problem Is that 6 or more sided 
regular polygons have 120* or non* at each vertflt. And SiOQ6 you must have at bast S of 
them at each vertex of the solid, you have at least 360 11 of "cone" at each of the solids 
vertices. That just won't wort, because it makes negative curvature (see CONES again). 

If you like arithmetic, try it this way: Remember £ > ft But C^r ~ U - 2r-f{*- 
This means 


and 

0<2-*Wj) 


or 


But f must be at least 3 so 


m-m > f. 


W(s-2)>3 


2s»3i-& 





And Fkna.2ly we find that 


i<0. 

There ire no Platonic solids with six of mure tided figures it faces. 


n*L3;(A "new" excess) Suppose someone it unable M man his turtles to walk turtle lines any 
way except with their noses pointing in the direction of wall.. He givej the following 
definition of the excess of a path. 

excess » 2w - (the turtle turning needed lor the turtle to walk around the path) 

He alw say* the turtle is turning positively when he's turning toward the interior" of the 
path, 

Can you make sense of that? 

Is it the same excess as used in this paper? 

Is it more precise or more useful or easier to understand than our standard 
definition? 

To confuse the Issue notice that the Intrude 80 s North path bounds two nlw 
regions so Its excess should be the tout curvature of both. Yet the regions obviously have 
different total curvatures. Can either or both definitions of excess explain this? 

n*lt;(Sewmg) Does the dress of a dancer which is meant to hive pkits ever when she is 
■spinning (and the dress is pulled outward by "centrifugal forcel have positive or negative 
curvature? 

An umbrella is made by sewing together six pieces shown roughly below. 



Fi|. 34. A pi«n of sn umbrella- 


Where does the umbrella have negative curvature? How tar you tell? Hlnh Think about 
the finished umbrella You can tell its total curvature from an edge ribbon (turtle road 
around the outside]. If you start cutting away ribbon after ribbon from the edge, does the 
total curvature ever increase indicating you cut away a scrip of negative curvature? Nov 
go back and relate this to things you could measure on the piece In Figure 34. 

When you get done with this problem you should be able to look, at Figure 
and say, "Well, looks like the total curvature la almost exactly 2*. but there is some negative 
curvature from here to here," 

n+l£.{Broken turtle) A turtle is a bit out of adjustment and takes slightly longer {by 21) 
strides with his left legs than with hit right. (The distance between turtle's right and left 
legs i$ the same as his right side stride.) 

What is the radius of the circle such a turtle would walk on a plane if he does 
not turtle turn?" (Use turtle stride as your unit of distance) 

Suppose this turtle walks t* seeps and finds he has returned to hit beginning 
position and heading. What is the tola! curvature interior to this path H presuming the 
interior is topologically nice? 

How about a lOO step trip as above? 
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